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AL 2 icBVWTELS N, ABFEORUNEBREICB T 2 B ROMAE w5
e, ZORAHE UTO Jordan-Holder YD E Z T 25D TH S, AROFKERIX
[B] IZBWT, D simply-laced ARV — b RITABET 2 AR ORBIE . AT FEHNZ T
REMIENS, HEFEOAFIE D enhancement 128 U TH LRI N7/z28, AR TIXEK
TR VHRTH 2 A BIfFORBLOHGIZIR D FLT,

1 HRDOFKRIR. Gabriel DEHE

& (quiver) 21X, AREMZ 770 ThHb, iz Q= (Qo, Q1) &KL, Qo IXIH
MEA, Q1 FRDELSLIERI LIZT S, RORKRIR M X, ROT—XhokdH0
Thb:

o BIHM 1 € Qo ITNUL, AIRIKITRZ MVZER M; BEF > T\,
o BRi—jeQITHNUL, MBELR M, - M; PEEF>TW5,

FRBEOMOMER L WIS EEHARIIERTE, Q OERBHLEK repQ 17 —NIVE%Z
Y, AN HERZ2 BMIZT 5720, QIZIEFERY A IR NWZ L Z2NET S,

RDORBIERE X, G2 5NMIZBEL T repQ DEE Z 4 R E P ST 5EH DT
Hb, TOLZIZETIRD Krull-Schmidt OEHBPEAKTH S,

EHE 1.1 (Krull-Schmidt). Q #fkk L7z & &, LEOARIXITH Q ORBLIZNHT ERE
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R REDOERNIZ, AL OER ZRNT —ERNIZRE S,

COREHIZED, repQ OMHEIFEBAH DA PNITE WV, TOI L Z2EEIZS D
72T ind(rep Q) % rep Q DEMEFINROFABBEOLRTHEAELTD, ZDOLE, repQ I
ind(rep Q) DAD SBEFRINIZETLTE S, HIDZ2IZED, repQ © TEFZEFNA
TCHUZEPE] 2FB€32 228, ind(repQ) OFNELEIBET S LIFFAL I L
Thd,

ARDEBLGN L Lie Blin L DLV IZB I 2 HECTHARW LR ER TH 5 Gabriel DEH L
WIHEDNH B,

EIE 1.2 (Gabriel). Q ZARTHEGE 2R Lz &, WRIZAMETH 2,

1. ind(rep Q) IFERES. D F D EREN Q REUIFE M Z2FRWTHRRME L 270,
2. QD EE NN F 7D simply-laced 7 Dynkin 72 7 (A,,, D,,, Eg, E7, Eg)
Thd (ZDeE Q% Dynkin BIfiEZ WS ),

TolZ, UEMNZSNd L&, QITXNIET D Dynkin IOV —hR% @ 2L, Q DIH
MilZHRd 3 & O¥ML— b2 o & T5H, ZTDEE,
M ) (dim M;)oy;
1€Q0

. Q OEBEHRILE ® OIFEL— FDOES OT L O HH
dim: ind(repQ) = &
2525,

ZOEMEFNTHRARIZFEED S, Q ¥ Dynkin BUfED & 2, repQ © (B & EFHIK T
THUZ) HoEzHEESTS I LIE, FISds5)L—FR O DEL—F T OHDESE
fRETEHZZeMInT 5, ZOMEDE LT, & D Weyl BEDOITLH S rep Q D/ E % 1E
5 E\ND DHRIZIB AR D Ingalls-Thomas ST H 5,

ZDHENIZ A BIOfEIZ DWW T Gabriel DEH %2 L0 BARNIZEWBZ TA LS, AR
V=R RIZDOVWTHEWHEEIE, Gabriel DEHIIFERKDO LS I2E3 WX 515,

E&E 1.3 QWA BUTHLIE, QDHESEENZANT T TN

ThdLErEWVD,



EIE 1.4 (A # Gabriel). Q % A, O T2 E, 1<i<j<n+1%EHLTHEN
7 (i,§) W UT My 2 ROBHE 572 Q DRBIL T %

Mj; ) - 0— o —0 —k — i — k—0— ---—0

CITHAMIZIEIi<m<jD&E kD MUTIE0AFE - TWT, MIEEHIT E OMIZE
THEGG, ZhUMERTOGHRTHS. ZOKIICERTD L. BI& (4,7) — My,
134 b

{(i,/)|1 <i<j<n+1}=ind(repQ)

2525,

2 RUNBHH

FIEREMY T N6, QRUNBHBE (torsion-free class) £\ND 27 7 AD repQ O
HaBEEEAL KD,

EE 2.1. Q e U, repQ OFZE F R CNBHE (torsion-free class) ThH D &
W D2 0% TLEES D,

1. repQ TOEEDHZEE20 L M - N =0/ LT, LXNPFIZA-
TWBHLIE, M FIZA->TW5,

2. repQ TOMEDEELH 0 L - M- N >0HLT, MR FIZA>TW
5251, LH FIZA->TWA,

DFED, MRz L 2 BELHDRBZMEBETHLTWS ] HOoEDZ L TH S,

RUNEHERIOVEE 2D (2 <2 Quillen DEKRTORESEME 2 /KL, £/
quasi-abelian TH %), T D7=HIXDOILEHRTH 5,

REEE 2.2. 5AONEMQ (R LD MCARKTETE) 12OV T, repQ DALNE
MR MR &, F 7240 0N E EEOBRN R AL R R &,

AWEDE L H & OBBEIX, EREIZDWTOEZHOWLE [2] O —Mimh, BIRK L5
ZEIZBVWTEDEIITIEMTEL L WS DT, TOREKT A MiRDL UNHHHE
TIRETIARE TR 2 & 5 2RI RE1Z K IR 4E0R (Ingalls-Thomas Wik) 265, LH
MRV ERIIZ AT BE 2 L\ toy example & 7o T\ 5,
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3 $xfRlES & Bruhat xfE

ZIZTWVWERDENS, (1 % 1,2,...,n+ 1IZEHTLINMEELT5 (A, BL— R
D Weyl B ThHd), ZDL ZEEEKE (inversion set) E\WE DN S, 1 DILITAHEL T
EFRIND:

% 3.1. S, DT w ITH LT,
inv(w) :={(4,7) |1 <i<j<n+1LwE)>w ()}
LU, Ihz w OEEESE., T0i0% w O (inversion) &L,

ZHiE, w=wlw?2) -wh+1) & 1TELETEVZERICEF L TWEHOHMT
HD,

ffl 3.2. w=42153€ S5 £TBE (ZOEKIE w(l) =4,w?2) =2,wB)=1,... TH
%), w DHERHDOELIFKD &S IZk5:

inv(w) ={(1,2),(1,4),(2,4),(3,4),(3,5) }

ARSIV — P RPHEGER TS AV NG LA TH 55, ARiTIX Bruhat
8xffl (Bruhat inversion) £ \N5 HDOWEEIZH D, THIXERIITIE Tw OEE O R0
T, MOEFICHET LR TERVED] THD,

E#E 3.3. Spt1 DIGw TR UT, inv(w) DEFBFES Binv(w) 2, &M Ti<m < j D
w i) > wH(m) > w () RE LI m BFEELRV] K57 (4,5) € inv(w) DEF
DELTEET D,

Bl 3.4. HFEOHI w = 42153 TiL, (1,2) & (2,4) P EAILTH O, ZTOFREL LT (1,4)
DAL TWDLARTIENTES, 0L %25 (1,4) 1% Bruhat I TRV, Z
D& 2 DL EDEBENZH T ONRVBDEFEZ TN &,

Binv(w) = {(1, 2), (2; 4)7 (37 4)7 (37 5)}
B YNNG,

Bruhat 5 &\ S &4aTi%, SFREED Bruhat order T w D3B3 % Jt & Bruhat fizf]
M—F—IZ/HELTWB Z EIZHEk T 3,



4 Ingalls-Thomas Xt

Z Z Tl¥ Ingalls-Thomas (Z J:VH‘%EE%‘M?"\ rep@Q DR UNHBEEOEEZ., A D
BEIZBEELTHRRS, UF, Q% A, HORT, mMEzshzr 7 70

ThbILxINET S, AR Gabriel DEHIZE D, repQ OEBEANRIL {(4,5)]1 <
i<j<n+l1} ==L, EoTrepQ ® (BEMEEMKNTTHUZ) MorEIXE
FEORAEDWMAESE X —RmlLzl e zBnilz 5,

FITRD & D ITRFREED TS repQ DESDEZED Z L DHARIZE 2 DL,

EE 4.1. S DL w iU, repQ OEATE F(w) 2. (i,7) € inv(w) &85 X 5722
My jy =bDEREMP LB LTED S,

”ﬁ’é‘%é £, ZOLSRBEETrepQ DR UNHBEIIETHERKTELDTH S
RIS A UNHBHEIZR OB WVWEDEFEL, ED w iZDWT F(w) 2 rep@ O

@UMEEE%E 22203 TR Q 2B 2 RHDAEA T ITEKFLTWS, DX OHIZ K
fil2+3L1+2—-3TiE Flw)PRUNHHEERS LS we S, I35,

ZNDX, TS Q O EAITOBEWIZED S,y OLZEHIRTZ2OFARKRI L
THH., TN Reading [6] IZ & W EAI N7z Coxeter-sortable £\ NS HERTH 5,

$F 81,50 % St OBEEEE GRFEND LT3, ZNET Spy HMERINT
WHZ LR EKHMONTED, BMEHORTIRERL 2 & & BELRFOMEBA RN
25 &5 DERERT LI,

9. QITfIET S Coxeter JG ¢ € Sp41 ZIRTEHT 5:

EE 4.2. cg € Spi1 1E 51,82,...,8, ZHDIEFETRHTOHITZEDOTH D, IRDSE
a7z dHDTHD : QIZBEWVT i j EVWIRBDHIII, co IZBWVWT s DIES A s;
XoEIZHD,

Bl 4.3. 22X Q% 14+ 253+ 48328, cg = 51835281 THD, BHAA
53515459 tt%%ﬁ:%(ﬁf:j—ﬁ\ (\:Z’L% Sn—i—l @EF'TCiﬁ L/J_'.E"Cgf)éo :@J: 5 Iz Q e
0o F—BIZEFXLS ZEPHOoNTWVWD,

Z D Coxeter Jt cg ZEET 2 L. Spp1 DILIZDWTD cg-sortable EAEHRT & 2,



EHE 4.4. Spp1 DIG w D cg-sortable TH 2B LiF, HD w OWBEROT Y 757531
= (O D 2) . m)

THY. O Fcg DA, VD ik c® WA, ... ™ k™Y OENEE. TH

5 EDMBRERRPGFLET DL E RN,

Bl 4.5. Q =1+ 2 >3+ 4,2T5L co = s1838284 CH5D, ZDL & 42153 =
5153525451 & 0 = co. V) =51 & UTEKMZ M2 T DT co-sortable TH 5., FHkIC
42513 = 515389545153 ¥ (9 = cg. M) = 5183 £ LT cg-sortable TH 5, L2 LHIX

I 525183 X 51528182 = $281 & cg-sortable T2\,
D& EWM [4] 12 & o> TREI N7z Ingalls-Thomas Xfjt (O—F) TH S,

EIE 4.6 (Ingalls-Thomas Xfjiz). Q % A, BlOfET s, ZDEZF w e Spy THULT
repQ OMDE F(w) 23 BEE2 22T, IROLEHIFHET 5!

{w € Spi1|w & cg-sortable} = {repQ DR UNHHE }

ZORERIZED, repQ ORUNHBEMEIZ F(w) WS EELTWS, ZHEHWT,
ROBPSWIFLLTORIZEZDZ L THS:

RIZE 4.7. co-sortable 7255 w 13 LT, MG 2R UNEBE F(w) OBERIHKEZ,
w OD@JO)%E]%-&%@E@&'I%%E%)ﬂb‘fgaj/i?-’djio

b EHER

AHFSEIX, 52 0N EAKN R 2BOARE R %25 A THIEE2EFR—a v LT
Wz, TOHEELALZEVBEMFREVWOMETHD, TNE2S5RIONRUNHHEDOS S
IZEERL LD,

#F 5.1. repQ DRUNHBHE FIZOWT, 0£4£Mc FR FDEMNRTH D L IL,
IRD K S 7% rep Q TDR5ERS

0 s L s M > N > 0

TH>T. 0£LNEFLRBEIBIEDVFIHELIRVEEEZ VS, £/ simF IZ&
H. F ORMNROFRBEOESZ I T,



HUEZNIE, F ORMIRIEIATEENTRINERST, DFD simF C ind F
DD D, —H, we S ICHUT Flw) 25258, EEIZLD, (i,7) 12 LT
M[i,j) EXNIGXESE T TR

inv(w) 2 ind F(w)

BEET 5. & T simFlw) 1 inv(w) Dd2BAEECHET 2T TH B, 2h
A% & 5 & Bruhat 872 2\ 5 OB ¥R 1 OHTH 3,

EI 5.2. Q% A, B, w € Sp11 & cq-sortable 276895, TD & E Ingalls-Thomas
MIGZ LD XET D repQ DR UNBEHIE F(w) IZBLT, RO XS R85 b,
B FOERHIZLEHTH D,

inv(w) ——— ind F(w)

J J

Binv(w) —— sim F(w)

ZOEMIZED, THEXO6NZrepQ DR UNHEHE F 2B HMNROSE &0
S MED X595 w 1281 % Bruhat SR OFZE ] &\ D M A SR 72 MEIC RS X
N, FHEPNZIEEIIRD D Z N TERI LIt D,

TiE THHMOS R DEINL LPEL VDR 2 WS HRZRMDEHNETH A S
DT, ZTDOIHE UTIRIZEFRD 2 BZH TH 5 Jordan-Holder EDHIE Z BN 5,

& 5.3. ForepQ IZB 2 UNHHEE T 5,
e M e FOD FIZBITHMMI L E, M OB RILDF
O=My<M i <---<M,=M

THo>T, FilZDOWT M;/M; 1 BN FIZBI2HMURTHD L EE2 VD,

e M e FD2DOD FIZBIFAMEII0=My < -+ <M, =M&0=M)<
<M =M PEETHELIE m=nDBEYIE, £2H5 {1,2,...,n} L
DEMR o PEIEL, &0 12D2WT My/My—y = M, /M, DEOILDE E %
W,

o F % Jordan-Holder t£ (Jordan-Holder property) %=l=¢ . F7-1X%.2 (JHP)
Ewmideid EEOM e FIZHNULT, M O FiIZzE1F2#ME5»eTRETDH
LIV,

(i)—1



ZNIEEE DHIEEZ DWW T D Jordan-Holder D E R % FRFE L NIVIZEFEL72H DT
Hb., BbAA repQ IZBEWTITIEE D Jordan-Holder DEHIZ &L O (JHP) 237z 1
B8, A REZZ LI, repQ DE L DR UNHHMEIX (JHP) &7z 372\,

Bl 5.4. Q =1« 2 =3 ,2L., w= 5183828183 = 4231 £ § 5, ZD&E F(w) I
M[l’g),M[l’g),M[1’4),M[2’4),M[3’4) %lﬁﬁ%%jﬁﬁt b(*ﬁ%\ %@5 % M[1’4) UﬂHi%
NG TH % (Bruhat BEIZHIET 2D T), ZDEE My IZIZIRDEL D% 220
F(w) TOMBEIN DD %:

0< M[l’g) < M[1’4),
0 < Mg 4y < Mpy,4)

ZDSHEEDOMEAANT (LIEIRNEHD) X M1 ,2) el M[1’4)/M[172) = Mgy 22T
Ho. BEIX M[3,4) et M[174)/M[374) = M[l,g) ThHbd, 205 4 DIFHWNZH R D
T (JHP) i F(w) IZHBWVWTHZINTVZR,

TRED XS % w i LT Flw) 38 (JHP) & 7= 4 2% H5E T 5 02K D ¥ T
Hbd,

EE 5.5. Q & A, Bk, we€ Sp11 % cg-sortable &2 &, RIFFAMETH 5,

1. F(w) » (JHP) %iwi7=7,
2. w @ Bruhat BB O, w DE (support) DEIZFEL W (ZZTHEIFw DI
FERIZ s BWEND LD i mbDELETH D),

AL IR, [2] THESL S 7z (JHP) DYIESRMEZ NS (ZHUT & D &, BRSO
B 20 p00E (JHP) 2YIETE, TWAFED F(w) 2B 1T 2 BT GR 0 43 B 17 Bk
ZHoEMTH D),

Bl 5.6. Q=123+ 4%2FXDL, cg = 51535284 TH Y. wy = 42153 =

$153825451 & wo = 42513 = 515352545153 1 & BT cp-sortable TH L, TD & E wy
& wy DREIFEHIT{L,2,3,4} TH 2B,

Binv(wi) = {(1,2), (2,4), (3,4), (3,5)},
Binv(ws) = {(1,2),(2,4), (3,4),(3,5),(1,5)}

L7250 T, F(wy) i& (JHP) 272925, F(we) & (JHP) &7z T 72\,
ER 5.7. &0 (JHP) EOHIEIX, —It w 2B 1 Sl A init TRt E i BE 2R RO 1
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EHZTWAN, whH5 2 6N7-E 22 Bruhat B4 & B2 55T 2034 LEAETH
3. FiE 3 1B WT. (JHP) QM Tw ® Bruhat 81275 7459 1 2 L& & % 7
W] WD Z T THERHI CHREN R TREO T 5N D Z e AVHIL 72, BIRENZ &
2, ZOZRMFEE &5 8 wiiTxnd % Schubert 254K 7%% locally factorial TH 5 Z & D
MR UT [1] TEASI NG —HLTWS,

SFE 5.8, BHEIZHM AR X512, AROFERIZMD simply-laced 7 Dynkin #fRiZ £ FH R
272725, £72X 512 [Dynkin RIFEORTORE T OffE —EIZHKS | B UTH]
SEHNZ TR (preprojective algebra) I £\ 5 HDWH B H, TORUNHHIEIZDWT
HRRDOBERA 2D 72D 2 e B IZBWTRE NIz, HIZIEAFT lcg-sortable] &\
D W7 0 IR S ASEA X N2, FIFINIZB W TIEZOM&IISERL<, mod Il
DRUNEHBHBEIZNIRT 20— 2D Weyl BEOILE —X—xf8d 2 Z & 5] 2 & D &I
LNTED., TOREKTE RTINS G O R B E I3 AE DO KB & © &AM &
EEAD, EEE. M Dynkin kD5 G, RIS HHNZ T TORMREPOEHIZES I L
MTZ5,
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