
TACHIKAWA’S SECOND CONJECTURE IMPLIES
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Abstract. We prove that Tachikawa’s second conjecture implies the Auslander–Reiten conjec-

ture for artin algebras over a commutative artinian ring. The proof uses the two-fold trivial

extension of an algebra. Together with known implications, it follows that the Auslander–
Reiten conjecture, the generalized Nakayama conjecture, the Auslander–Gorenstein conjecture,

the Nakayama conjecture, the Gorenstein-projective conjecture, and Tachikawa’s second conjec-

ture are all equivalent, and that Tachikawa’s second conjecture implies his first.

1. Introduction

Auslander and Reiten proposed the following conjecture in their study of the generalized
Nakayama conjecture [2].

Conjecture 1.1 (Auslander–Reiten [2]). Let Λ be an artin algebra, and let X be a finitely gen-
erated right Λ-module. If

ExtiΛ(X,X ⊕ Λ) = 0 for every i > 0, (1.1)

then X is projective.

If an artin algebra Λ is self-injective, then ΛΛ is injective, so ExtiΛ(X,Λ) = 0 for every X and
every i > 0. For self-injective algebras, Conjecture 1.1 therefore becomes the following conjecture
of Tachikawa, known as his second conjecture.

Conjecture 1.2 (Tachikawa [7, §8]). Let Λ be a self-injective artin algebra, and let X be a finitely
generated right Λ-module. If

ExtiΛ(X,X) = 0 for every i > 0,

then X is projective.

We say that an artin algebra Λ satisfies the Auslander–Reiten conjecture (ARC) if every finitely
generated right Λ-module X satisfying (1.1) is projective, and, when Λ is self-injective, that Λ
satisfies Tachikawa’s second conjecture (TC2) if every finitely generated right Λ-module X with
ExtiΛ(X,X) = 0 for every i > 0 is projective. Thus Conjectures 1.1 and 1.2 assert that every artin
algebra satisfies (ARC) and that every self-injective artin algebra satisfies (TC2). Our main result
is the following.

Theorem A (= Corollary 3.2). Let R be a commutative artinian ring. If every self-injective artin
R-algebra satisfies (TC2), then every artin R-algebra satisfies (ARC).

The proof uses the two-fold trivial extension

T2(Λ) =

(
Λ DΛ
DΛ Λ

)
, DΛ = HomR(Λ, E),

of an artin R-algebra Λ, where E is an injective envelope of R/ radR. This is the algebra of
2 × 2 matrices with these entries in which the product of two off-diagonal entries is zero. It is
self-injective, and we show that if T2(Λ) satisfies (TC2), then Λ satisfies (ARC) (Theorem 3.1).
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We also consider the following classical homological conjectures. For an artin algebra Λ, let

0 −→ ΛΛ −→ I0 −→ I1 −→ I2 −→ · · · (1.2)

be the minimal injective resolution of the right regular module. We say that Λ satisfies

• the generalized Nakayama conjecture (GNC) [2] if every indecomposable injective right
Λ-module is a direct summand of Ii for some i ≥ 0;

• the Auslander–Gorenstein conjecture (AGC) [3, §5] if the following holds: if pdΛ I
i ≤ i

for every i ≥ 0, then ΛΛ and ΛΛ have finite injective dimension;
• the Nakayama conjecture (NC) [6] if the following holds: if Ii is projective for every i ≥ 0,

then Λ is self-injective;
• the Gorenstein-projective conjecture (GPC) [5] if every finitely generated Gorenstein-
projective right Λ-module X with ExtiΛ(X,X) = 0 for every i > 0 is projective.

Each of these conjectures asserts that every artin algebra satisfies the corresponding condition.
Theorem A completes the following cycle of implications, where ⇒ denotes an implication for

each individual algebra (each self-injective algebra when (TC2) is involved), and ⇛ denotes an
implication between the assertions that every artin R-algebra (every self-injective artin R-algebra
in the case of (TC2)) satisfies the given condition. The implications other than Theorem A are
known and are recalled in Proposition 3.3.

(GNC) +3 (AGC) +3 (NC)


�
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�
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+3 (GPC) +3 (TC2)

Theorem A

^l

(1.3)

Corollary B (= Corollary 3.4). Let R be a commutative artinian ring. The following statements
are equivalent.

(1) Every self-injective artin R-algebra satisfies (TC2).
(2) Every artin R-algebra satisfies (ARC).
(3) Every artin R-algebra satisfies (GNC).
(4) Every artin R-algebra satisfies (AGC).
(5) Every artin R-algebra satisfies (NC).
(6) Every artin R-algebra satisfies (GPC).

We say that an artin algebra Λ satisfies Tachikawa’s first conjecture (TC1) [7, §8] if the following
holds: if ExtiΛ(DΛ,Λ) = 0 for every i > 0, then Λ is self-injective; the conjecture asserts that every
artin algebra satisfies (TC1). An algebra satisfying (ARC) also satisfies (TC1), and so Theorem A
shows that Tachikawa’s second conjecture implies his first: if every self-injective artin R-algebra
satisfies (TC2), then every artin R-algebra satisfies (TC1) (Corollary 3.5).

Organization. In Section 2, Lemma 2.1 shows that induction along an idempotent reflects pro-
jectivity, and Lemma 2.3 shows that T2(Λ) is self-injective. The main output of that section is
Proposition 2.4, which identifies Ext groups over T2(Λ) of induced modules with Ext groups over Λ
for modules X with ExtiΛ(X,Λ) = 0 for every i > 0. Section 3 proves Theorem 3.1 and Theorem A,
recalls the known implications, and deduces Corollary B and the consequence for (TC1).

Conventions and notation. Throughout, R is a commutative artinian ring and E is an injective
envelope of R/ radR. An artin R-algebra is an associative unital R-algebra which is finitely
generated as an R-module. All algebras are artin R-algebras, and all modules are finitely generated
right modules unless otherwise specified. We write modΛ for the category of finitely generated
right Λ-modules. We write D = HomR(−, E); it is an exact duality between finitely generated
right and left Λ-modules, with DDM ∼=M naturally. We give DΛ the Λ-bimodule structure

(aφb)(c) = φ(bca) (a, b, c ∈ Λ, φ ∈ DΛ).
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2. Induction to the two-fold trivial extension

The proof of Theorem A compares modules over Λ with modules over an algebra Γ containing
an idempotent e with eΓe = Λ, by means of the functor F in (2.1) below. Lemma 2.1 gives the
properties of F used in the proof, for an arbitrary idempotent; its Ext comparison assumes a Tor
vanishing condition. The rest of the section treats the case Γ = T2(Λ), for which Proposition 2.4
derives that condition from ExtiΛ(X,Λ) = 0 for i > 0.

Let Γ be an algebra, let e ∈ Γ be an idempotent, and put Λ = eΓe, an algebra with identity e.
Then eΓ is a Λ-Γ-bimodule, and we consider the functors

F = −⊗Λ eΓ: modΛ −→ modΓ, H = (−)e : modΓ −→ modΛ. (2.1)

We call F induction along e. Since HomΓ(eΓ, Z) ∼= Ze for every Z ∈ modΓ, tensor–Hom adjunc-
tion gives isomorphisms

HomΓ(FY,Z) ∼= HomΛ(Y,Ze) (2.2)

natural in Y ∈ modΛ and Z ∈ modΓ, so F is left adjoint to H. For every Y ∈ modΛ, since
eΓe = Λ,

(FY )e = Y ⊗Λ eΓe = Y ⊗Λ Λ ∼= Y,

and under this isomorphism the unit Y → (FY )e, y 7→ y ⊗ e, of the adjunction is the identity. In
particular, the unit is an isomorphism.

Lemma 2.1. In the setting of (2.1), the following hold.

(1) The functor F is fully faithful. A module Y ∈ modΛ is projective if and only if FY is
projective.

(2) Let X ∈ modΛ satisfy TorΛi (X, eΓ) = 0 for every i > 0. Then for every Z ∈ modΓ and
every n ≥ 0, there is an isomorphism

ExtnΓ(FX,Z)
∼= ExtnΛ(X,Ze).

Proof. (1): A left adjoint is fully faithful if and only if the unit of the adjunction is an isomorphism,
so F is fully faithful. Since FΛ = eΓ is a direct summand of ΓΓ, the functor F preserves projective
modules. Conversely, suppose that FY is projective. Choose an epimorphism π : Λm → Y .
Since F is right exact, Fπ : (eΓ)m → FY is an epimorphism, so there is s : FY → (eΓ)m with
Fπ◦s = 1FY . Since F is fully faithful, s = Fs′ for some s′ : Y → Λm, and F (π◦s′) = Fπ◦s = 1FY

gives π ◦ s′ = 1Y . Hence Y is a direct summand of Λm, and so Y is projective.
(2): Choose a projective resolution P• → X in modΛ. The homology of P• ⊗Λ eΓ is FX in

degree 0 and TorΛi (X, eΓ) = 0 in degree i > 0. Hence

· · · −→ FP2 −→ FP1 −→ FP0 −→ FX −→ 0

is exact. Its terms FPj are projective by (1), so FP• is a projective resolution of FX. The
isomorphisms (2.2) are natural in Y , so they give an isomorphism of cochain complexes

HomΓ(FP•, Z) ∼= HomΛ(P•, Ze).

Taking cohomology in degree n gives ExtnΓ(FX,Z)
∼= ExtnΛ(X,Ze). □

We now construct, for an arbitrary algebra Λ, a self-injective algebra Γ and an idempotent e
with eΓe = Λ.

Definition 2.2. Let Λ be an artin R-algebra. The two-fold trivial extension of Λ is the R-module

T2(Λ) =

(
Λ DΛ
DΛ Λ

)
(2.3)
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with multiplication (
a φ
ψ b

)(
a′ φ′

ψ′ b′

)
=

(
aa′ aφ′ + φb′

ψa′ + bψ′ bb′

)
, (2.4)

where the products in the off-diagonal entries are the bimodule actions on DΛ.

For finite-dimensional algebras over a field, T2(Λ) is the case r = 2 of the r-fold trivial extension;
see, for example, [4, §2.2].

The off-diagonal matrices form a submodule I, which is a (Λ× Λ)-bimodule via

(a, b)

(
0 φ
ψ 0

)
(a′, b′) =

(
0 aφb′

bψa′ 0

)
.

By (2.4), T2(Λ) is the trivial extension of Λ× Λ by I, in which products of two elements of I are
zero. Hence T2(Λ) is an associative R-algebra with identity diag(1, 1), and it is finitely generated
as an R-module since Λ and DΛ are. For e = diag(1, 0), we have eT2(Λ)e = Λ, and

eT2(Λ) =
(
Λ DΛ

) ∼= Λ⊕DΛ as left Λ-modules. (2.5)

Lemma 2.3. The artin R-algebra T2(Λ) is self-injective.

Proof. Put Γ = T2(Λ). We show that ΓΓ
∼= D(ΓΓ). Define an R-linear map ℓ : Γ → E by

ℓ

(
a φ
ψ b

)
= φ(1) + ψ(1).

For x =

(
a φ
ψ b

)
and y =

(
a′ φ′

ψ′ b′

)
in Γ, the multiplication (2.4) and the bimodule structure on

DΛ give

ℓ(xy) = φ′(a) + φ(b′) + ψ(a′) + ψ′(b).

Suppose that ℓ(xy) = 0 for every y ∈ Γ. Taking y with only φ′, only b′, only a′, or only ψ′ nonzero
shows that φ′(a) = 0 for every φ′ ∈ DΛ, φ = 0, ψ = 0, and ψ′(b) = 0 for every ψ′ ∈ DΛ. Since E
is an injective cogenerator of R-modules, the first and last conditions give a = 0 and b = 0. Hence
the right Γ-module homomorphism

ΓΓ −→ D(ΓΓ), x 7−→
(
y 7−→ ℓ(xy)

)
is injective, where (hr)(y) = h(ry) for h ∈ DΓ and r, y ∈ Γ. Since D preserves the length of
R-modules, both sides have the same length as R-modules, so this map is an isomorphism. The
right Γ-module D(ΓΓ) is injective, since D sends the projective left module ΓΓ to an injective right
module. Therefore ΓΓ is injective. □

For Γ = T2(Λ), the next proposition shows that the hypothesis ExtiΛ(X,Λ) = 0 for i > 0 implies
the Tor vanishing of Lemma 2.1(2), and applies that lemma with Z = FY .

Proposition 2.4. Let Γ = T2(Λ) and e = diag(1, 0), and let F be as in (2.1). Let X ∈ modΛ
satisfy ExtiΛ(X,Λ) = 0 for every i > 0. Then for every Y ∈ modΛ and every n ≥ 0,

ExtnΓ(FX,FY ) ∼= ExtnΛ(X,Y ).

Proof. Choose a projective resolution P• → X in modΛ by finitely generated projective modules.
Tensor–Hom adjunction and the isomorphism DDΛ ∼= Λ of right Λ-modules give an isomorphism
of cochain complexes

D(P• ⊗Λ DΛ) ∼= HomΛ(P•, DDΛ) ∼= HomΛ(P•,Λ).

Since D is exact, taking cohomology gives

DTorΛi (X,DΛ) ∼= ExtiΛ(X,Λ) = 0 (i > 0),

and hence TorΛi (X,DΛ) = 0 for i > 0. As TorΛi (X,Λ) = 0 for i > 0, the decomposition (2.5)

gives TorΛi (X, eΓ) = 0 for every i > 0. Lemma 2.1(2) with Z = FY gives ExtnΓ(FX,FY ) ∼=
ExtnΛ(X, (FY )e), and (FY )e ∼= Y by the unit isomorphism stated before Lemma 2.1. □
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3. Proof of Theorem A and the equivalence of the conjectures

This section first proves, for an individual algebra, that (TC2) for its two-fold trivial exten-
sion implies (ARC), and deduces Theorem A. It then recalls the known implications among the
conditions defined in the Introduction, deduces Corollary B, and proves the consequence for (TC1).

Theorem 3.1. Let Λ be an artin algebra. If T2(Λ) satisfies (TC2), then Λ satisfies (ARC).

Proof. Let X ∈ modΛ satisfy (1.1). Put Γ = T2(Λ) and e = diag(1, 0), and let F = −⊗Λ eΓ. By
Lemma 2.3, Γ is self-injective. Since ExtiΛ(X,Λ) = 0 for i > 0, Proposition 2.4 with Y = X gives

ExtiΓ(FX,FX) ∼= ExtiΛ(X,X) = 0 (i > 0).

Since Γ satisfies (TC2), the module FX is projective. By Lemma 2.1(1), X is projective. □

Corollary 3.2. Let R be a commutative artinian ring. If every self-injective artin R-algebra
satisfies (TC2), then every artin R-algebra satisfies (ARC).

Proof. Let Λ be an artin R-algebra. By Lemma 2.3, T2(Λ) is a self-injective artin R-algebra, so it
satisfies (TC2) by hypothesis. Theorem 3.1 shows that Λ satisfies (ARC). □

Theorem 3.1 passes from Λ to the different algebra T2(Λ), which is why the arrow labelled
Theorem A in (1.3) is an implication between assertions about all algebras.

To deduce Corollary B, we recall the known implications in (1.3).

Proposition 3.3. Let R be a commutative artinian ring.

(1) Every artin R-algebra satisfies (ARC) if and only if every artin R-algebra satisfies (GNC).
(2) Let Λ be an artin R-algebra. If Λ satisfies (GNC), then Λ satisfies (AGC). If Λ satisfies

(AGC), then Λ satisfies (NC).
(3) Suppose that every artin R-algebra satisfies (NC). Then every self-injective artin R-algebra

satisfies (TC2).
(4) Let Λ be an artin R-algebra. If Λ satisfies (ARC), then Λ satisfies (GPC).

Proof. (1): See [2, Theorem 1.1], which states this with (ARC) replaced by the condition that
every generator M with Exti(M,M) = 0 for every i > 0 is projective. The two conditions agree
for each algebra [1, pp. 283–284].

(2): See [8, §3.3].
(3): By [2, Corollary 1.2 and the remark following it], the hypothesis implies that every

generator-cogenerator M over an artin R-algebra with Exti(M,M) = 0 for every i > 0 is projec-
tive. If Λ is self-injective and ExtiΛ(X,X) = 0 for every i > 0, apply this to M = Λ ⊕X. It is a
generator, and it is a cogenerator because every indecomposable injective right module over the
self-injective algebra Λ is projective and hence a direct summand of ΛΛ. Since ΛΛ is projective
and injective, ExtiΛ(M,M) ∼= ExtiΛ(X,X) = 0 for i > 0. Hence M is projective, and so is its
direct summand X.

(4): This is noted in [5]. Every finitely generated Gorenstein-projective module X satisfies
ExtiΛ(X,Λ) = 0 for i > 0. If moreover ExtiΛ(X,X) = 0 for i > 0, then X satisfies (1.1). □

Corollary 3.4. Let R be a commutative artinian ring. The following statements are equivalent.

(1) Every self-injective artin R-algebra satisfies (TC2).
(2) Every artin R-algebra satisfies (ARC).
(3) Every artin R-algebra satisfies (GNC).
(4) Every artin R-algebra satisfies (AGC).
(5) Every artin R-algebra satisfies (NC).
(6) Every artin R-algebra satisfies (GPC).

Proof. Corollary 3.2 gives (1)⇒ (2). Proposition 3.3(1) gives (2)⇒ (3), Proposition 3.3(2) applied
to each algebra gives (3) ⇒ (4) ⇒ (5), and Proposition 3.3(3) gives (5) ⇒ (1). Proposition 3.3(4)
applied to each algebra gives (2) ⇒ (6). Finally, (6) ⇒ (1) holds because a self-injective artin
algebra satisfying (GPC) satisfies (TC2): every finitely generated module over it is Gorenstein-
projective. □
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Finally, Corollary 3.2 shows that Tachikawa’s second conjecture implies his first.

Corollary 3.5. Let R be a commutative artinian ring. If every self-injective artin R-algebra
satisfies (TC2), then every artin R-algebra satisfies (TC1).

Proof. Let Λ be an artin R-algebra with ExtiΛ(DΛ,Λ) = 0 for every i > 0. The right Λ-module DΛ
is injective, so X = DΛ satisfies (1.1). By Corollary 3.2, Λ satisfies (ARC), so DΛ is projective.
Every indecomposable injective right Λ-module is a direct summand of DΛ, and is therefore
projective. The numbers of isomorphism classes of indecomposable injective and of indecomposable
projective right Λ-modules are both equal to the number of isomorphism classes of simple modules,
so every indecomposable projective right Λ-module is injective. Hence Λ is self-injective. □
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