
 
Dimermodels

Def Let E be a closed surface A dinermodel D on E
is a finitebipartitegraph drawn in E such that every connected

componentof El D is a disc

We are most interested in E being the torus

s edges II Eddy 9 edges
2 faces

Def Let E be a surface with boundary A dinermodelD in E
is a finitebipartite graph in E togetherwithfinitelymanyhalf edges
connectingnodesof thegraph to OE Each pEOEis incidentwithatmost
one halfedgeand ED is a union ofopen discs

We are most interested in E being the disc

2 nodes I or 4nodesI 1edge 4halfedges 4edges 6haltedges
Ed

MY4faces allboundary to do
Stace 4boundary

Thediner quiver Dns quiver Qo Q withfaces

Qo facesof D conn components of EID

Q edgesof D oriented with on the left

T o f to
Q2faces nodes of D Igf If distinguishedcycles



Q has a frozen subquiver F Fo boundary faces of D
ti half edges of D

E closed F O
i i

Faces XyzXZy Facesvyuxvacay 6 faces

É
Perfectmatchings and thedineralgebra

Let Q be a quiverwithfaces Weassume that every atQ is
in the boundary of some face say Q is manifoldlike

Def A perfectmatching of Q is meQ such that FLEE
Of contains exactly one arrow in me
When Q Qa a perfect matchingof Q isjust a perfectmatchingofD

É IE.EEEIFaces ryanvacay
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EY
Cn FÉtY circlequiver withtaws

Iki
A perfectmatchingof Cn is a choiceof x or y for
each it in i.e a partition XY 1 in

Let Z GEED
Given a perfect matchingme define aQ representation Vp by
Vi Z for all it Qo Va t at A

1 44M
perfectmatchingmodule

Deb VErepQ is a Q matrix tactorisation of t it
1 Vi treeover Z for all it Q
2 Va Z linear for all QEQ
3 Up t idVi Vi whenever p i si isthe boundaryof a face.fely

Since Z is an integral domain 3 plusthemanifold condition implies
that Va is injective t a toy
If Q is connected it thentoll by themanifoldconditionagain that
rankle is constant call this rank

NoteA perfect matchingmodule is a rank 1 Qmatrixfactorisation

LemLet pq j si bepathsin Q 11 F a path r is
such that prqr i i

both bound a face then Very
ProofUpr t id Ver Ver Your VEyour and Vr isinjective
Special cases4 rei ie pand q both bound a face TIE a



III IIE Eve
Cor For Q Cn any VmEmodTL for T EQ Guyyou

Complete preprojectivealgebraoftypeAnn
Exercise Recallme is equivalent to choosing 11 in XUY

Show that if X k so Yenh thenVp is amodulefor
C EQ Guyyou yh an k

Def For Q Qa define A Ap by

A p g pig i i
bounda tale dimealgebra

pi pi a EQ IF
Gf Beil'sghoralgebra morerelations e.g pg whenFanypath rsuchthat preqr bound a face

Deh For Q Qa define potential W E E
linear comb of cyclic equivalenceclasses of cycles

Then J Q FW daw at Qin superpotential
frozenJacobian algebra

p un g cycle dap Eakin Kian kin
PryAssume D is connected Then AJ Q FW
Hint daw pi pi So enough toshow that these imply the
extra relation in A when D is connected
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J QFW QQ Qin
but A EQ Ba Oo

I



Rem E closedgenusg Then Ap is 1 inphitedimensional forg77 thisisgood2 Noetherian fr y Elbest surfaceis T
Calabi Yau algebras

Def Let A be a NoetherianG algebra withenveloping algebraAEAE.AM
AE Mod A Binod

Say A is d CalabiYau d20 it

1 AtperAk homologically smooth

2 I RHomaeAAE E EdA in pert
Why

Thm Keller If A is homologically smooth then RHom is a right
Serre functor on D A

DbA complexesofA modules withbitedimensional totalcohomology
Sometimeswrite pudA perfectlyvalueddentedcategory

Cor If A is d Calabi Yau thenRHom.fr RHoma EdA 7 Ed
is a Serre functor on DbA

Thus by definition D A is a d CalabiYau triangulatedcategory

CorLet MN be bitedimensional A modules A d CYThen

Extia MN Ext NM f ie z H Homet 4
ProofExtiaMN Homma M E N Hom

a N Edm
Edrightserretundt HomWNd intExt NMY



Cor A d CYfor d70 dimeA N or A 0

Proof It dimAces then Homa A A ExtdaIAA 8 0
Cor A dCY yldinA ed
Prot Et MN Etta MNY O

Ey let ITbe a prerogativealgebraof affinetype Then
Reiten vandenBergh TL is 2 CY

NoteMcKay correspondence DbTheDbcont for X a

crepant resolution of a Kleinian 2d Gorenstein singularity

So DbX is also 2 CY

Now let A be a NoetherianG algebraand eEA idempotent che
Wite A A AEA andDE A AXED A ex 03

ie an A moduleM is in DebA if Mis a fin dim I module

DefLA e is internally or relatively d Calabi Yau it
1 AEperA andgldinA Ed
2 F triangle E dA ra X s in DRAYsuch that
RHoma XM O RHoman X N for any MEDebla NEDebAM

Consequence 1 RHomalr is a Serrefunctoron DbA
2 RHomaly E Ed on Dbe A

So if MEDECA NEDb A then

Homa M N Homa N RHoma orm

Homa NEdm 8



Cor MN Hitedimensional A modules MEA mod Then

EIA M N EVEINMY
EgAÉ e Enea is internally ne CY

Note9 Now there are finitedimensionalexamples

2 IfCA e is int do and e is idempotentwithdeeeke
then LA e is int dot
standard example e is a sumof vertexidempotent e addsmore

3 If A is do then IA O is int day hence A e is
int day for all idempotent e

4 Undermild conditions on A LAO int do A dLY
Thm Piz letCA e be int day and assume A i Noetherian
A AAct isHite dimensional Write Bete boundaryalgebra

1 B isgIwanaga borenstein B Noetherian injdimeBinjdinBeg is

GPB XemodB EtsyB 03
intart y ed

is a Frobenius exact category enoughprojectiles andinjectives projectileinjective
projB

2 EPB GPA proD is a d l CY triangulated category

3 eat upB is d 1 cluster billing

addEA XEGP B Ext Ed XEA 03
L a Lea t 3

4 A End Lea Its End Lea f EndaraleA 9



When d 3 categories likeGPB abovehaveapplications toduster
algebras with frozen variables

of results for dyas W.ltYeung YWu

Eg A É 31 1 Ii ie nudelad
B selfinjativeGO Iwanaga borenstein UPB modB

Is.IM EIsnEIs.IHsE
APB G l clustercategoryof type ACA B QS is n tclusterbilling n 2mutations 130Si Zeien
Obs n 3 31 1 2 preprojective algebraoftypeAz
of Geils Leclerc Schrier

Ey2 Let A prematurealgebraofaffinebye YEEE'se lo O extending vertex

A 2CY A e int 2 CY

AlAoA is a Dynth type prepro algebra tin dim

B eAct Z A R a Kleinian singularity

GPB CM B is additively finite with additivegenerator
et cluster tillingobject eA

G1B is 1CY ie Eid

At End era ARquiverof GPB is prepay quiver
GP B Dsg R 1 CY DbA eDbahX za X spurcrgantre
A is anNarto R



Consistency

Wereturn to thesellingof dimermodels let D be a dimermodel on E a surface with or without boundary

Let I betheuniversalcoverof E I theliftofDto an infinite but periodic dimermodel on E
D andD has zig zagpaths orstrands as follows

Iggy

É
Thesestrandsalways satisfy

1 hhitely many strands with finitely many transversepairwise
crossings modulo deck transformations

2 signs of crossings alternatealongeachstrand

if fits
Wesay D is consistent it
3 strands donot intersect themselves

4 on D there are no bad lenses iii If
That is if twostrands cross there are no more crossings
following both strands forwards or backwards



hellomy both strand to ads

on dish lo
fr

Ennis

EI IIÉ x

Thm let D be a consistentconnecteddinermodelon a surface E
let t be the diner algebra e Epe frozen boundaryidempoten

Note e 0 it E is closed
Then A e is int 34 it
1 E T2 Bromhead 14
2 E Ey g 21 Danson n

A is 34

3 E D P 19
Conj A e is int 34 whenever EES Connectednessisnotnecessary



Proofstrategy D connected AET Q FW preenJacobian algebra

This provides a canonical bimodule complex

OAOQAFFA AOCQIF.TOA AQQOA AQQOA A O
internalvertices internal

arrows
along Iertices

Syfygie
retations

Exactnessof this complex Are is int 30 Ginzburg Broomhead if e 0
p 17 ingeneral

Use consistency to proveexactness

Key property thinnesson theuniversal cover
in AEAfor E D herany i jet 7 pmin i j in Q such that
ejACEIGpmi.tn t bounding a face i.e ejte freerank loverZOE

Why not 5 Forall other E a curvebounding adisc bounds a uniquedisc
Needed in technical lemma

Applications1First take E T A Ap see Bromhead
Choose any vertex it Qo e ee

Then A 314 Bromhead A e int 314

B etc Z A R is a Gorenstein tonic3toldsingularity

Thin Gulotta08 every such R appears this way

GPB CM R admits the 2 duster tilting object eA
A EndrleAMis an NAR of R
GP B D R 2 CY D A DKoht X speakcrepantresults

Mutation Somemutations correspond to Seibergduality seeVitoria 09
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For De D related by thismove considerA Ao A Ao
Pick e e for Odifferent from mutated bile

Then eAe 13 31 et e EAEAEGPB fCMR related
by mutation

Get twocrepant resolutions X x D wht D A DA Dwht
ER

2 Now take ED ThenGP B is a Frobeniuscateyoificationof
a cluster algebra structure on a positroidvarietyin the Grassmannian
seenexttime

Keyexample Scott 06 clusteralgebrastructure on Gri via
Postiliondiagrams zigzagpathsofansistentdimerin D

K 2

It EYE
E t

y

jiffy TI's's
Inthis case indecomposable in app
are preciselyVpn form a matching

Me 1 D XUy writeVx Vm
orjust x
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eABQVEV35

MY Yzyt Y14

HI HI WYl
Categonificationofpositroids w I Ganales A King

Gri VEG dinV k projectile variety Grassmannian

System of projectivecoordinates AI IF É Pluckercoordinates

indexed by IE 1 Ies in Ik

V rowspanm M me mn EGtm SA V detMin min
It in in

Nowtix 0 a consistent dimermodel in thedish

A perfectmatchingmofo has a
boundaryvalue

g i tl 3 i FI
dm k o m

so Opie A J 4

Ope 125



Let P Op p p.m ofD e h positoid

TI veGri Afv 0 forIgp closedpositroidvariety

JEQos Ig i I
IF K

2 I D are equivalentdata as
is to Elon i n Tu i

Changing D by Seibergdualitydoesnot change thisdata

Thn Oh Postnikov Speyer Tip To D andD are linked by
a sequenceof Seibery dualitymoves

T VET AI V O HIEI openpositroid variety

Thr Galashin Lam let o be theclusteralgebra with invertible
frozen variables associated to Do withinitial variablesay JEQ

Then the map A GIFT is an isomorphism
syn Ag

NoteA is the clusteralgebra categontiedby GPB B eAe
Let C Gon Ej n circle algebra Jensen King Su

Let A A B or C










